In this paper, I show that labour-saving or capital-saving technical progress is induced by the distribution of income between capital and labour. In the long run, technical progress is Harrod neutral. The long-run equilibrium factor income distribution is determined by a parameter of the technical progress function.
SUMMARY OF RESULTS
I want to show what the effects of a 'technical progress function' are, where it represents the possibility of substituting labour-saving by capital-saving technical progress or vice versa. One can summarize the results of the model as follows:
1. Under the assumptions that entrepreneurs try to choose the optimum composition of labour-saving and capital-saving technical progress, under the further assumption of a production function with an elasticity of substitution less than one, I can show that the economy approaches an equilibrium path of growth that is characterized by Harrod neutral technical progress (which is not very exciting) and a distribution of income, which is only determined by the technical progress function and is influenced neither by the production function nor by the savings ratio of the economy. Although this result seems to be new, it also seems to be quite plausible: if there exists a possibility of choosing different kinds of technical progress, which is in fact the possibility of choosing different kinds of production functions, we should not expect that a special production can have the same importance as in the case where the whole system relies definitely on its properties. If a special production is inconvenient, it will be transferred over time into a more convenient one. The possibilities of transformation are now the last fixed parameters that determine the system, not the results of this transformation process. 2. It can also be shown that there is a discrepancy between the private optimal composition of technical progress and the social optimal composition. In the case of the optimum of the firm, there exists a cycle such that capital-saving and labour-saving technical progress (in the sense of Harrod) alternate over time. But the amplitudes of the cycle become smaller and smaller until the economy reaches the equilibrium state in which technical progress is (Harrod) neutral. In the case of the social optimum, technical progress is always almost Harrod neutral, having only a very small, constant capital-saving bias, if the initial distribution of income was more in favour of profits than on the equilibrium path and a small labour-saving bias, if in the beginning the profit share was smaller than in equilibrium. The discrepancy between the optimum behaviour of the firm and the social optimum coincides with the discrepancy of maximizing the rate of growth of output in a relatively short period ( private optimum) and the rate of growth of output in a considerably longer period (social optimum) under the assumption of a given savings ratio. 3. The independence of the equilibrium income distribution of the savings ratio remains one of the unity elasticity of substitution case, i.e. the Cobb-Douglas function. It turns out to be possible to simulate by a Cobb-Douglas function the different social optimum equilibrium paths that correspond to different savings ratios. The exponents of this 'Surrogate-Surrogate function' are equal to the share of profits, respectively, to the share of wages in the equilibrium path. 4. I do not pretend to explain by this model the long-run stability or income distribution, which is sometimes claimed to be evident from the existing statistical data. Since the income distribution in this model is a function of the special shape of the technical progress function, this would be possible only if the technical progress function is constant in time. But why should it be constant? Nobody can stop the relevant parameters changing over time. The technical progress function does not represent natural or anthropological constants.
THE MODEL
Assume an economy with a macroeconomic production function
which is homogeneous of degree one, where A New Technical Progress Function (1962) r 2010 The Author Journal Compilation r Verein für Socialpolitik and Blackwell Publishing Ltd. 2010 K represents capital and L labour, A and B are parameters, which we shall use for the introduction of technological progress. We define
Further let us assume (this is an assumption on f ) 0 < pðXÞ; p 0 ðXÞ < 0 lim
implies that the elasticity of substitution is smaller than one (in absolute value). One example of a production function that obeys conditions (4) is the Arrow-Solow constant elasticity of substitution function
in the case that b is positive. The next thing I want to introduce is a 'technical progress function', which, in this model, is simply a relationship between capital augmenting (A increasing) and labour augmenting (B increasing) technical progress. Assume that
holds, where j is characterized by
Since j is a monotonously decreasing function of _ B=B, we also can write _ B=B as a function of _ A=A
where j À1 ð0Þ > 0; j À1 À Á 0 < 0 and j À1 À Á 00 < 0 ð7Þ
In the following I shall use the symbols a and b defined by
Since the elasticity of substitution is less than one, the total effect of technological progress is labour saving in the sense of Hicks, if b4a, and capital saving, if boa.
The first question which I would like to ask and answer is how to achieve a maximum current rate of growth of output for given rates of growth of capital and labour.
Differentiating Y with respect to time
Since _ K=K, _ L=L and X are given, we have to maximize the expression
Since Z 00 (b) 5 p(X)j 00 (b) is negative, we know that (8) represents the value of b that leads to a maximum rate of growth of output in the current period. The 'marginal rate of substitution' between a and b has to be equal to the ratio between wages income and profits income.
BEHAVIOUR OF ENTREPRENEURS
One reasonable assumption about the behaviour of entrepreneurs in this economy is that they believe the prevailing relative shares of profits and wages to remain constant in the future. If they want to minimize costs under this assumption, they will choose the kind of technical progress which maximizes the absolute value of the (negative) rate of change of costs per unit of output at existing factor prices. This is because they assume that factor prices will change inversely to the factor inputs, which is another way of saying that they assume that the relative weights of labour and capital costs A New Technical Progress Function (1962) r 2010 The Author Journal Compilation r Verein für Socialpolitik and Blackwell Publishing Ltd. 2010 remain unchanged over time. If entrepreneurs behave this way, they will choose precisely the technical progress structure that maximizes the current rate of growth of output.
The result of this behaviour of the firms would be that the economy tends towards an equilibrium path of growth which is characterized by a constant distribution of income and by a constant capital output ratio. This is at least true if the investment ratio of the economy is constant. I shall try to characterize this equilibrium path. The constancy of the distribution of income requires a constant X and hence an equal rate of growth for X 1 and X 2 . This leads to a rate of growth of output that also has the same value. If the capital output ratio is constant, the stock of capital grows with the same rate as output does. But the growth rate of X 1 is equal to the sum of the growth rate of capital and the growth of A, which is a. This implies that a has to be zero in the equilibrium path. But a is zero only if the distribution of income is such that the entrepreneurs decide to make a equal to zero. This they will do only at one special ratio between wages income and profits income, which we can characterize by the equation
where b is defined by
Hence, the stable income distribution is determined only by the function j and it is independent of the shape of the production function and of the savings ratio. There remains of course the question whether the economy approaches this equilibrium path or not. The equilibrium can be proved to be stable if the share of profits is a decreasing function of x, i.e. (4) holds. Verbally, the mechanism, which leads the economy of the equilibrium path, can be described as follows. If X is smaller than its equilibrium value X, profits are higher than that in the equilibrium.
Therefore, a is positive. Since, in the long run, capital and output are growing at almost the same rate, X 1 is growing faster than Y. This implies that X 2 is growing not as fast as Y or even X 1 . Therefore, X must grow until it reaches its equilibrium value. Now it might be possible that X continues to grow even when X is reached. This will happen if A is relatively high at the moment when X is equal to X and therefore the capital output ratio is low compared to the given savings ratio. If a becomes higher than X, profits become smaller than in equilibrium and therefore a will be negative. This lowers A and hence, in the long run, also X, until it again reaches equilibrium value X. Now presumably A will be too low, i.e. the capital output ratio will be too high for the equilibrium conditions and X will again fall below its equilibrium value. It can be shown mathematically that A and X approach eventually their equilibrium values in a way similar to Figure 1 . The C. C. von Weizsäcker r 2010 The Author convergence can be made plausible by the following arguments: sometimes A as well as X tend towards their stable values, but if one of them withdraws from its equilibrium value, the other approaches it or is at least constant.
Of course the assumption (8) is not crucial for our result. Entrepreneurs might foresee changes in the relative weight of capital and labour costs and might therefore behave somewhat differently. If they decide to install machines with an expected economic lifetime of t years, they are interested in minimizing costs over this whole period. They may expect, for instance, that the rate of change of income distribution remains the same in the future as it is now. Then we would obtain the following formulas. Let us define where Dono1. The value of n is determined by several economic factors, one of them being the relative importance of the earlier in comparison with the later years of life of the capital goods. Since the nearer future is much more important than the more remote years (because of psychological reasons, because of problems of the risk calculations, because of the higher gross rents, which can be earned out of new machines compared with old machines, etc.) a realistic value of n would probably lie between 0.15 and 0.35. Perhaps entrepreneurs are even more sophisticated and also take into account the rate of change of the rate of change of distribution of income. All these behaviour patterns would, in general, have stabilizing effects on the movements of X and A. This can be made plausible for formula (10). It is easy to see that X and therefore D(X) would move in the same direction as they would according to (8) . But the movement would be damped: if, for example, _ DðXÞ is positive, the absolute value of j 0 (b) would be greater than in the case of (8). But a high absolute value of j 0 (b) is equivalent to a small ( perhaps even negative) value of j(b) 5 a. This means that the rate of growth of X and D(X) would become smaller. Thus, we see that a behaviour of entrepreneurs, which take into account the changes in the near future, would have a stabilizing effect on the economy. The equilibrium path itself will be characterized by the same properties as in the case of (8).
THE SOCIAL OPTIMUM TECHNICAL PROGRESS
I turn now to the question whether there is a difference between the social optimum composition of technological progress and the so far investigated kind of technical progress that we may call the private optimum composition. The first problem is to find the maximum growth rate of output, which can last forever.
It is easy to verify that b þ g is a sustainable rate of growth of output, where b is the value of b for which a becomes zero, and g is the rate of growth of the labour force. Because if a is zero, technical progress is Harrod neutral and one knows that in that case the 'natural' rate of growth of the system is equal to b þ g, is it possible to maintain a higher rate than b þ g?
First, we see that Y cannot grow faster in the long run than the slower growing of its two arguments X 1 and X 2 . If, for example, X 1 is always growing faster than X 2 , X will become larger and larger and therefore p(X) will approach zero. This has the consequence, as we can infer from we can write
The consequence of this policy becomes clear after we have calculated R(K) for positive R(Y). is equal to b þ g and that R(A) 5 0 in the case where this maximum rate of growth is achieved. Starting from the valuation axiom that for a given savings ratio it is always better to realize the maximum R(Y) 5 g þ b than not to do this, we come to our next question: which is the optimal A(t)?
I have to define more precisely what I mean by the optimal A(t). Certainly, we can write output as a function of time in the form
It might be possible to find an upper limit of D(t); for g þ b is the maximum sustainable growth rate of output. If such an upper limit exists, it seems to be a reasonable long-run optimum policy to maximize lim t!1
DðtÞrBð0ÞLð0Þ
A Að0Þ 1
where X is determined by the equation
and A is defined by
I first prove the proposition in mathematical terms and then interpret it economically.
Proof of (12 
Hence, the capital coefficient in the limit equals s=ðb þ gÞ. If
From this, we obtain by the implicit function theorem New Technical Progress Function (1962) r 2010 The Author Journal Compilation r Verein für Socialpolitik and Blackwell Publishing Ltd. 2010 Since j(b) is a concave function of b and b is defined by j(b) 5 0, we can write
From this, we infer by integration
Hence,
Going to the limit for any A * ¼ lim
e ÀðbþgÞt YðtÞrBð0ÞLð0Þ A * Að0Þ ! 1 j 0 ðbÞ jðX * ðA * ÞÞ holds. I call the right hand Q and maximize it with respect to the only free variable A *
This leads to 1 j 0 ðbÞ þ 1ðX * Þ 1 À pðX* Þ ¼ 0 or By a similar reasoning it is also easy to see that D(t) will eventually not be higher than D, if D has no limit. Further, we know that A must have a limit in order to obtain a limit of D(t). The interesting question which remains is how to achieve a D as close as possible to D. In the special case where Að0Þ ¼ A, the economy can reach D itself, for in that case a can always be put to zero with the effect that the term Z t 0 dðbÞdu is vanishing for any t. In general, the discrepancy between D and D results from a positive Z t 0 dðbÞdu or in a formula where X and A are defined in (12b). The interesting although not too surprising result of the analysis is that in the social optimum case, the economy approaches the same equilibrium path as it does in the laissez-faire state of affairs.
The social optimum equilibrium income distribution is described by (12a) and it is equal to the laissez-faire equilibrium income distribution.
The discrepancy between the optimum of the firm and the social optimum lies in their different manner of approaching, the equilibrium path. The 'friction losses' are higher in the laissez-faire economy, because A does not change slowly here and it even oscillates around its long-run equilibrium value. New Technical Progress Function (1962) r 2010 The Author Journal Compilation r Verein für Socialpolitik and Blackwell Publishing Ltd. 2010 The consequence of these losses is that the economy eventually lags some years behind the social optimum economy. The order of magnitude of this lag depends mainly on two factors: it will be greater the larger the difference between A(0) and A is; and it will be smaller the better entrepreneurs anticipate the future development of the income distribution. A good anticipation of the future reduces the absolute value of a and dampens the amplitude of fluctuations of A, as we have seen earlier.
A
But it should be underlined that the most important effect on the lag is due to the initial condition A(0). Since it is improbable that the technical progress function of an economy changes very suddenly, it is fair to assume A being relatively close to its equilibrium value A after some decades of laissez-faire history. If the government of a developed capitalistic country decides to take care of the structure of technological progress, it will find that A had already moved in the past very close to its optimum value. Thus, an intervention, which would have a substantial improving effect on productivity, comes too late. This statement is not true, if s changes.
Although it is tempting to construct a bridge from business cycle theory to the fluctuations of A and of the capital output ratio in this model, I am rather sceptical about the direct applicability of my technical progress function to problems of the real world. This is too simple a tool of an isolated use in an attempt to explain anything in reality.
THE SURROGATE-SURROGATE PRODUCTION FUNCTION
As mentioned before, the equilibrium distribution of income is not only independent of the special shape of the production function but it also does not depend on the average rate of savings. This can be verified from (12a). The result brings us into the neighbourhood of the Cobb-Douglas function, where savings also do not have an influence on the income distribution.
Consider the Cobb-Douglas function
The equilibrium path is defined by the constancy of the capital output ratio and of the interest rate.
The value of the constant capital output ratio is given by Y is proportional to s m 1Àm . Consider now (13) together with (12a) and (12b). Since X is independent of s, we obtain
A as a proportional of the inverse of s
where X is independent of s. The social optimum equilibrium value of output is the same function of the savings ratio as the equilibrium value of output is in the case of the Cobb-Douglas function. The exponent pð XÞ=ð1 À pð XÞÞ has the same meaning as in the Cobb-Douglas function: it is the ratio between capital income and labour income. Therefore, I call (15) the Surrogate-Surrogate production function, referring to the fact that the production function itself is a surrogate for more complicated productivity relations. The surrogate of the production function is no more a real production function, since it does not tell us what happens at a given state of technical knowledge. But if technical knowledge can be influenced by the society, this also does not seem to be the interesting question. In this case, it is more interesting to know what the output would be under some resource restrictions and under the assumption that the society influences technical knowledge in an optimal way. The Surrogate-Surrogate function answers this last question. It is, in some sense, the envelope of all production functions (in the normal sense), which are available to the society, as in some sense the normal macroeconomic production function is the envelope of more special microeconomic production possibilities.
We might proceed in this game and try to look for a Surrogate-Surrogate-Surrogate function by making the assumption that my technical progress function itself can be shifted by the society. I shall not do that in this paper. Assume for the simplicity of the argument that the labour force is constant in our economy. It is easy to see that we can apply the Golden Rule, using equation (15). If we denote by C the amount of consumption, which corresponds to Y, we obtain the equation
Maximization of C with respect to s leads to
The second derivative is negative and therefore pð XÞ is the 'optimal' savings ratio. Now split up the economy into several sectors with several distinct commodities and assume that the system moves along the Golden Rule path, where the interest rate is equal to the rate of growth of output and therefore (labour force and income distribution being constant) also equal to the rate of growth of the real wage rate. My proposition is that the prices of the different commodities are proportional to the total amount of labour used up to produce one unit of them, the proportionality factor being equal to the current wage rate.
This proposition can be made plausible in the following way. The direct inputs for the production of a certain commodity consist of labour and certain capital goods. Capital goods themselves have been produced by labour and other capital goods in earlier periods. These former capital goods consist of more remote inputs of labour and capital goods, etc. In this way, it is possible to transform the necessary direct inputs, which are spread over time. The price of the commodity today is equal to the sum of the 'present' values of the different labour inputs. Hence
where P i (t) represents the price of the ith commodity, r the interest rate, a i (t, t) the amount of indirect labour inputs t periods before t, which were specifically necessary to produce one unit of the good i at period t and W(t À t) the wage rate t periods before t. If the rate of interest is equal to the rate of growth of the labour force, we can write which proves our statement that the commodity prices at any moment of time are equal to the total amount of labour used up per unit of product times the prevailing wage rate.
It would not be very interesting for the appraisal of the Marxian labour theory of value if there would exist just one equilibrium path of growth with the correct labour value price system path. But (at least according to the theory of the Golden Rule) this path coincides with the optimum. The meaning of this coincidence cannot be that the mistakes of Marx and the Marxists are not mistakes. Most of the better arguments against the theory of labour value still hold. But, on the other hand, modern growth economics shows that Marx and others were right in treating labour and capital in an asymmetric way, since the amount of capital is adjustable, which is not true for the 'natural' factor labour. If the adjustment of capital is optimal, the prices of the goods represent the amount of the real scarce factor embodied in one unit of them; as in the stationary Walrasian equilibrium prices measure the costs in terms of the scarce factors of economy.
This kind of reasoning, which tries to defend the starting point of the Marxian system, is of course not only pseudo-Marxistic but even anti-Marxistic in its consequence. A growing economy must have a positive rate of interest, if the labour value theory makes any sense. In a growing system, the interest rate has a function as a guide in the allocation of resources, even if the optimum amount of capital is supplied. Thus, we find the labour theory of value compatible with and even based on a theory of interest, which has nothing to do with the Marxian theory of exploitation. This also should lead to the conclusion that the old problems of interest theory ought to be reinvestigated on the background of the modern economics of growth. This digression into more or less ideological parts of economics was the preparation for the formulation of a conjecture about the optimal price structure of an economy with a technical progress function of the type discussed in this paper. Since the model of the previous sections is essentially a one-sector model, I cannot prove propositions about price structures, which presuppose at least two sectors. We are constrained to mere conjectures.
I have pointed out that there exists a discrepancy between the behaviour of the firms with respect to technical progress and the social optimum technical progress for any given savings ratio s. Especially, this would also be true, if the economy implements the 'optimum' savings ratio pð XÞ, which is a function of the technical progress function. The discrepancy lies in the different way of approaching the identical final equilibrium path. How can entrepreneurs be influenced in order to introduce technical progress in a socially more efficient way? This is a question that is too difficult to be answered here. But I have one suggestion for a planned socialist economy, which uses prices and a 'shadow' rate of interest for organizational purposes. Let me assume that the factories are free to choose their production processes in a system of prices that are prescribed by the government or central planning commission. The task of the planning commission is to decree an optimal set of prices.
If technical progress could not be influenced, the optimum price structure undoubtedly would coincide with the perfect competition price structure, regardless of the savings behaviour of the economy. This has been proved again and again. But with our kind of a technical progress function, the competitive price structure is no more the optimum. For the maximization of the very long-run consumption it would be better, as I believe, to set up a price system that corresponds to the Golden Rule equilibrium path, even if this path is not yet reached. This means, the planning commission should introduce from the very beginning a correct labour value theory price system with an interest rate equal to the equilibrium rate of growth.
This would have the following effect: the single 'firm' cannot distinguish the economic situation from the situation on the final Golden Rule path. It will behave as if this path had been reached already. This would mean that it introduces a Harrod neutral kind of technical progress, and hence the economy is prevented from jumping around between (Harrod) labour-saving and (Harrod) capital-saving technical progress and losing a lot of 'technical progress energy'. The disadvantage of this labour value price system would be that in the beginning there exists either a capital or a labour shortage. Assume the more realistic case: that there is too little real capital in the beginning. Since the firms are using capital as if the (more capital intensive) Golden Rule path were reached, there will be a kind of structural unemployment. Production today also would not be so high as it would be in a competitive equilibrium. The rate of interest is equal to the natural rate of growth and capital intensity is growing at this same rate: thus, unemployment would last forever, if only profits were reinvested as is the case on the Golden Rule path. A certain amount of the wage bill has to be taxed away by the government for investment purposes in order to achieve full employment and to take full advantage of the production possibilities in that country. If this is done, finally the real Golden Rule path will be reached.
Since normally the initial value A(0) is different from the optimum value A, my statement has to be modified a bit. The planning commission will try to induce the factories to change A, but to change it very, very slowly. Therefore it will set up a price system that is slightly different from the labour value price system. But the difference is small in comparison with the difference between the competitive and the labour value price system.
When the optimum value
A is reached, the planning commission will return to the accurate labour value system, which coincides with the competitive price system, as soon as the economy moves along the Golden Rule path. This theory presupposes a constant labour force. If population and labour supply are growing exponentially, the optimum rate of interest would be higher that the growth rate of real wages and the ordinary labour value theory fails. But this should not be a very serious problem for a well-trained dialectician; what is still true is that, on the Golden Rule path, the price of a commodity is proportional to the sum of the relative portions of the labour force that are used up to produce the commodity.
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